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Abstract 

In this paper we consider a fundamental problem in the area of viral market- 
ing, called Target Set Selection problem. We study the problem when the 
underlying graph is a block-cactus graph, a chordal graph or a Hamming graph. 
We show that if G is a block-cactus graph, then the Target Set Selection 
problem can be solved in linear time, which generalizes Chen's result |2j for 
trees, and the time complexity is much better than the algorithm in [T] (for 
bounded treewidth graphs) when restricted to block-cactus graphs. We show 
that if the underlying graph G is a chordal graph with thresholds 6{v) < 2 for 
each vertex v in G, then the problem can be solved in linear time. For a Ham- 
ming graph G having thresholds 6{v) = 2 for each vertex v of G, we precisely 
determine an optimal target set S for {G,9). These results partially answer an 
open problem raised by Dreyer and Roberts [3]. 

Key words: target set selection, viral marketing, tree, block graph, block- 
cactus graph, chordal graph, Hamming graph, social networks, diffusion of 
innovations. 

1 Introduction and preliminaries 

A graph G consists of a set V{G) of vertices together with a set E{G) of unordered 
pairs of vertices called edges. We use uv for an edge {u, v}. Two vertices u and v are 
adjacent to each other if uv G E{G). In this paper, all graphs are finite and have no 
loops or multiple edges. For S C V{G), the subgraph of G induced by S is the graph 
G[S] with vertex set S and edge set {uv G E{G) : u,v E S}. Denote hj G — S the 
subgraph of G induced by V{G) \ S and, for convenience, we write G — v for G — {v} 
when V G V{G). The neighborhood of a vertex f in G is the set Ng{v) = {m G V{G) : 
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uv G E}. The degree dciv) of v is defined by dciv) = \Ng{v)\. The distance dc^x.y) 
of two vertices x and |/ in G is defined to be the length of the shortest path from x to 
y in G. A complete graph is a graph in which every two distinct vertices are adjacent. 
The complete graph on n vertices is denoted by Kn- The n-cycle is the graph C„ with 
V{Cn) = {vi, V2,..., Vn} and E{Cn) = {viV2, V2V3, Vn-iVn, VnVi}. The n-path is 
the graph P„ with V{Pn) = {^^i, V2, . . . , Vn} and -B(P„) = {viV2, V2V3, Vn-iVn}- 

The topology of a person-to-person recommendation social network is usually 
modeled by a graph G in which the vertices V{G) represent customers, and edges 
E{G) connect people to their friends. Consider the following scenario: A company 
wish to market a new product. The company has at hand a description of the social 
network G formed among a sample of potential customers. The company wants to 
target key potential customers S C V{G) of the social network and persuade them into 
adopting the new product by handing out free samples. We assume that individuals in 
S will be convinced to adopt the new product after they receive a free sample, and the 
friends of customers in S would be persuaded into buying the new product, which in 
turn will recommend the product to other friends. The company hopes that by word- 
of-mouth effects, convinced vertices in S can trigger a cascade of further adoptions, 
and many customers will ultimately be persuaded. This advertising technique of 
spreading commercial message via social networks G is called viral marketing by 
analogy with computer viruses. But now how to find a good set of potential customers 
S to target? 

In general, each vertex v is assigned a threshold value 6{v). The thresholds 
represent the different latent tendencies of vertices (customers) to buy the new prod- 
uct when their neighbors (friends) do. To be precise, let G be a connected undirected 
graph equipped with thresholds 9 : V{G) Z. Denote by (G, 6) the social network G 
equipped with thresholds 9. When ^ is a constant function such that 9{v) = k for all 
vertices v, (G, 9) will be written as (G, k) for short. Vertices v oi G are in one of two 
states, active or inactive, which indicate whether v is persuaded into buying the new 
product. We call a vertex v active if it has been convinced to adopt the new product 
and assume that vertex v becomes active if 9{v) of its neighbors have adopted the 
new product. 

In this paper we consider the following repetitive process, called activation 
process in {G,9) starting at target set S C V{G), which unfolds in discrete steps. 
Initially (at time 0), set all vertices in S to be active (with all other vertices inactive). 
After that, at each time step, the states of vertices are updated according to following 
rule: 

Pcirallel updating rule: All inactive vertices v that have at least 9{v) already- 
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active neighbors become active. 

The activation process terminates when no more vertices can get activated. Let 
[S]f denote the set of vertices that are active at the end of the process. If F C [S]f, 
then we say that the target set S influences F in (G, 6). Notice that if v has threshold 
9{v) > dciv) and f G [S]^ for some target set S, then it must be f G S*. We also note 
that, according to our rule, if an inactive vertex v has threshold d{v) < at time step 
t, then it becomes active automatically at the next time step. We are interested in 
the following optimization problem: 

Target Set Selection: Finding a target set S of smallest possible size that influ- 
ences all vertices in the social network (G, 6*), that is [S]^ = V{G). 

We define min-seed(G, 6) to be the minimum size of a target set that guarantees 
that all vertices in (G, 6) are eventually active at the end of the activation process, 
that is, min-seed(G, ^) = min{|S| : S C V{G) and [S]f = V{G)}. For S C V{G), 
if [S]f = V{G) and l^l = min-seed(G, ^^), then we call S an optimal target set for 

iG,e). 

Domingos and Richardson [5] considered Target Set Selection problem in a 
probabilistic setting and presented heuristic solutions. Kempe, Kleinberg, and Tardos 
[9] considered probabilistic thresholds, called linear threshold model, and focused on 
the maximization version of the Target Set Selection problem — for any given k, 
find a target set 5* of size k to maximize the expected number of active vertices at the 
end of the activation process. They showed that this problem is NP-hard and proved 
that a hill-climbing algorithm can efficiently obtain an approximation solution that 
is 63% of optimal. 

In this paper we only consider the Target Set Selection problem with deter- 
ministic, explicitly given, thresholds. In 2002, Peleg [TTj showed that this problem 
is NP-hard for majority thresholds, that is 6{v) = \dG{v)/2'] for each vertex v in G. 
In 2009, Dreyer and Roberts [3] showed that the problem is NP-hard for constant 
thresholds — given a fixed k > 3, 6{v) = k for each vertex v in G, and Chen [2] 
proved that it is NP-hard for bounded bipartite graphs G with thresholds at most 2. 

In general, the Target Set Selection problem is not just NP-hard but also 
extremely hard to approximate. Kempe, Kleinberg, and Tardos [9J showed that a 
maximization version of Target Set Selection with constant thresholds cannot be 
approximated within any non-trivial factor, unless P = NP. In 2009, Chen [2] proved 
that given any n-vertices regular graph with thresholds 6{v) < 2 for any vertex v, 
the Target Set Selection problem can not be approximated within the ratio of 
0(2'°g'''"), for any fixed constant e > 0, unless NP C DTIME(riP°'y^°s(")). 
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Very little is known about min-seed(G, 6) for specific classes of graphs G. 
Dreyer and Roberts '01 showed that when G is a tree, the Target Set Selection 
problem can be solved in linear time for constant thresholds. Chen [2| showed that 
when the underlying graph is a tree, the problem can be solved in polynomial-time 
under a general threshold model. In 2010, Ben-Zwi, Hermelin, Lokshtanov and New- 
man pp showed that for n- vertices graph G with treewidth bounded by u, the Target 
Set Selection problem can be solved in n*^*^"^^ time. In [SjE], min-seed(G', ^) is com- 
puted for paths, cycles and for different kinds of grids G under constant threshold 
model. 

The objective of this paper is to study the Target Set Selection problem 
when the underlying graph is a block-cactus graph, a chordal graph or a Hamming 
graph. In Section [21 we show that if G is a block-cactus graph, then the problem can 
be solved in linear time, which generalizes Chen's result [2j for trees, and the time 
complexity is much better than the algorithm in [T] (for bounded treewidth graphs) 
when restricted to block-cactus graphs. In Section [3], we show that if the underlying 
graph G is a chordal graph with thresholds 6{v) < 2 for each vertex v in G, then the 
Target Set Selection problem can be solved in linear time. Our results partially 
answer an open problem raised by Dreyer and Roberts at the end of their paper [3]. 
In Section m for a Hamming graph G having thresholds 6{v) = 2 for each vertex v of 
G, we precisely determine an optimal target set 5* for {G,9). 

In order to study min-seed(G, 6) we introduce a sequential version of the above 
activation process, called sequential activation process, which employs the following 
rule instead of the parallel updating rule: 

Sequential updating rule: At each time step t, exactly one of inactive vertices 
that have at least 6{v) already-active neighbors becomes active. 

The proof of the following lemma is straightforward and so is omitted. In the sequel. 
Lemma [1] will be used without explicit reference to it. 

Lemma 1 For a social network {G, 9), an optimal target set under sequential updat- 
ing rule is also an optimal target set under parallel updating rule, and vice versa. 

Let P be a sequential activation process on {G, 0) starting out from a target set S. 
In this process, if Wi,f2, . . . , f r is the order that vertices in [S]^ \ S are convinced, 
then (t>i, t>2, . . . , Vr) is called the convinced sequence of "P, and we say that target set 
S has a convinced sequence (f i, f2, . . . , fr) on (G, 6). 
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2 Block- cactus graphs 



A vertex f of a graph is called a cut-vertex if removal of v and all edges incident to it 
increases the number of connected components. A block of a graph G is a maximal 
connected induced subgraph of G that has no cut-vertices. A graph G is a block graph 
if every block of G is a complete graph. A block B of a graph G is called a pendent 
block of G if i? has at most one cut- vertex of G. A graph G is a block- cactus graph 
if every block of G is either a complete graph or a cycle. Let f be a cut-vertex of 
G. li G — V consists of two disjoint graphs Wi and W2 and let Gj (i = 1, 2) be the 
subgraph of G induced by {v} [j V(Wi), then G is called the vertex-sum at v of the 
two graphs Gi and G2, and denoted by G = Gi©^,G2. 

In the following Theorem |2l let Gi G2 be a social network equipped with 
threshold function 6. Let 61 be a threshold function of Gi — f which is the same as the 
function 9, except that 6*1 (x) = 9{x) — 1 for every x G Ncj^iv). Let 5*1 be an optimal 
target set for (Gi — v,6i) that maximizes the cardinality of the set Ngj^{v) fl 
where, by slight abuse of notation, 9 also means the threshold function of Gi by 
restricting the threshold 9 of GiQ)vG2 to the set V{Gi). Let ^2 be a threshold function 
of G2 which is the same as the function 9, except that 92{v) = 9{y) — \Ng^{v) fl [^i]^^ |. 
Let S2 be an optimal target set for (G2,6'2). Now, with the definitions and notation 
introduced in this paragraph, we prove the following theorem. 

Theorem 2 5*1 U ^2 is an optimal target set for (Gi ®v G2, 9). 

Proof. Consider a sequential activation process in (Gi ®v G2, 9) starting at target 
set ^iU^2. Clearly NG,{v)n[Si]^' C [Si]^'®^^\ and hence V{G2) C [5i □^2]^'®"^', 
which implies V{Gi) C [Si U S'2]^'®''^'. That is the target set U 5*2 influences all 
vertices in (Gi ©t, G2, 9). To prove the theorem it remains to show that l^il + 15*21 = 
niin-seed(Gi ©,, G2,9). 

Let S be an optimal target set for (Gi ©^ G2, 9) that minimizes the size of the 
set S n V{Gi — v). Since {S fl V{Gi — v)) U {v} influences all vertices in (Gi, 9), we 
have that S fl V{Gi — v) influences all vertices in (Gi — It now follows that 

\S\~\V{Gi — f )| = 1 5*1 1 since if not, then we have \Sf\V{Gi —v)\ > 15*11 + 1, and hence 
{Si + v)U{Sr\V{G2)) is an optimal target set for (Gi©t,G2,^), a contradiction to the 
choice of S. Therefore S fl V{Gi — v) is an optimal target set for (Gi — t>, 6'i). By the 
choiceof ^1, weseethat \NgA'v)^[S^V {Gi-v)]^^\ < \NgA'v)^[Si]^^\- This implies 
that 5*1 U [S* n V^(G2)] is an optimal target set for (Gi ®v G2, 9), and hence S fl V{G2) 
influences all vertices in (G2,6'2), which implies |5'nF(G2)| > 15*21. We conclude that 
|5i| + |52| = \SnV{Gi-v)\ + \S2\ < \SnV{Gi-v)\ + \SnV{G2)\ = \S\. Therefore 
5*1 U 5*2 is an optimal target set for (Gi ©t, G2, 9). I 
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Corollary 3 min-seed(Gi (Bv G2,0) = min-seed(Gi — ^,6*1)+ min-seed(G2, 6'2). 

Lemma 4 Let v be a vertex in the social network {G,9). If G G {Kn,Cn}, then an 
optimal target set S for {G — v, 9i) that maximizes the size of the set Na{v) fl [S]f 
can be found in linear time, where 61 is the threshold function of G — v which is the 
same as the function 9, except that 9i{x) — 9{x) — 1 for every x e No{v). Moreover 
the size of the set Na{v) fl [S]f can also be determined in linear time. 

Proof. Let J-" be the set of optimal target sets 5* for {G — v,9i) such that S maximizes 
the size of the set Ng{v) n [S]f. 

We first consider the case that G = Kn- Let V{G — v) = {^1,^2, • • • j'^n-i} 
such that 9i{vi) < ^1(^2) < ••• < 9i{vn-i)- Let S be an optimal target set for 
{G — V, 9i). Since any two vertices Wj, v^+i ui G — v have Nc-vivi) = Nc-vivi^i) and 
9i{vi) < ■ ■ ■ < 9i{vn-i), we give the following simple observation without proof. 

Observation Ifvi G S and fj+i ^ S, then {S\ {vi}) U{vj+i} is an optimal target set 



Since G is a complete graph, the above observation says that if min-seed(G' — 
V, 9i) — s, then the target set {vn-i, Vn-2, ■ ■ ■ , Vn-s} G J'- Moreover, such a target set 
has a convinced sequence {vi,V2, ■ ■ ■ , Vn-s-i) on {G — v, 9i). Now we are in a position 
to show that Algorithm K outputs an optimal target set S for {G — v, 9i) such that 



In steps 2-3 of the algorithm we see that min-seed(G' — v,9i) > : 9i{vi) > 
n — 2 and 1 < i < n — 1}\ ~ i. In steps 4-8, we want to find the value s such that 
{vn-i,Vn^2, Vn-i} U {t;„_^_i , f „_^_2 , • • • , v„-s} € J". Duriug the ith iteration of 
the for loop in step 4, we have {f 1, f2, • • • , Vi-i} ^ f„_2, . . . , Vn-s}]'g~^- In step 

6, when 9i{vi) > s + i — 1, in order to influence vertex Vi in {G — v, 9i) we need to 
add another 9i{vi) — {s + i — 1) vertices to the set {f„-i,t'n-2, • • • ,^n-s}- Note that in 
step 5 we have 9i{vi) < n — 2. If follows that after step 5 and before step 6 we have 
n — (s + [9i{vi) — (s + z — 1)]) > i. Therefore in step 7ifn — s = i-|-l, then it must 
be min-seed(G' — v, ^1) = s, and hence {vn-i, Vn-2-i • • • , Vn-s) £ ^- Clearly, the time 
complexity of Algorithm K takes hnear time, where the bucket sort algorithm is used 
to sort vertices by their thresholds. 

Let S be the output of the Algorithm K and \S\ = s. Let V{G) \ S ^ 
{ui,U2, ■ ■ ■ ,Un-s} such that 9{ui) < 9{u2) < ... < 9{un-s)- Let U — {i : 9{ui) > 
s + i — 1 and 1 < i < n — s}. We define the value r by 



for {G - V, 9,) and \[{S \ {vi}) U {^,+i}]^| > \[S] 



G 

e 




minf/-l, if?7^0; 
n-s, if = 0. 
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Since G is a complete graph, it can be seen that [S]q = SU{ui, U2, ■ ■ ■ , Ur}. Therefore 
the size of the set Nc{v) Pi [S]f can also be determined in linear time. 

Algorithm K 
Begin 

1 s ^ 0; 

2 for i = 1 to n — 1 do if 9i{vi) > n — 2 then s ■<— s + 1; 

3 s; 

4 for i~lton — i — Ido 

5 begin 

6 if 6*1 (vj) > s + i-1 then s ^ s + [6i{vi) - {s + i - 1)]; 

7 ifn — s = i + l then STOP and output S = {vn-i, Vn-2, ■ ■ ■ , Vn-s}', 

8 end 
End. 

Finally, consider the remaining case that G = C„. Let E{G) = {vvi,vVn-\} U 
{viVi+i : 1 < i < n — 2}. Thus V{G — v) = 1,1^2, • • • j't'n-i}- Let 1-L be the set 
of optimal target sets S for [G — v, 9i). First we consider the following Algorithm C 
which computes Si and 82- Clearly, Si C S for each S E H and 5*2 C [-Si]^^"". 

Algorithm C 

Begin 

1 Find the set 5*1 = {vi : 6i{vi) > dc-vivi) and 1 < z < n — 1}. 

2 for ? = 1 to n - 1 do if ^ S*! then 9i{vi) ^ 9i{vi) - \NG-v{vi) fl Si\; 

3 for i = 1 to n — 2 do if f j ^ Si and 6*1(^4) < then 9i{vi+i) ^ 9i{vi+i) — 1; 

4 for i = n — 1 downto 2 do if Vi ^ Si and 9i{vi) < then 9i{vi_i) 9i{vi_i) — 1; 

5 Find the set ^2 = {vi ^ Si : 9i{vi) < and 1 < i < n - 1}. 

6 output 5*1 and 5*2; 

7 output 9i; 
End. 

In the sequel, let Si, S2, 9i be the outputs of the Algorithm C. Now let G — — 
Si — S2 have exactly r connected components Pi, P2, ■ ■ ■ , -Pr- Denote by £i the value 
min{A; : Vk G V{Pi), 1 < A; < n — 1}. We assume that £1 < £2 < • ■ ■ < ir- For each 
1 < i < r, we note that Pi is a path and all vertices w in Pj have 9i{w) e {1,2}, 
moreover the two end-vcrticcs wi,W2 of Pj have 9i{wi) — ^1(^2) = 1- Let V^(Pi) = 
{va, Va+i, Va+b} and V{Pr) = {vc, fc+1, ■ ■ ■ , Vc+d} for some integers a, b, c, d. 

Case 1. r = 1. Let {u G V{Pi) : 9i{u) = 2} = {v,^,v,^, . . . , J such that 
ii < i2 < • ■ ■ < iq- If g = 0, then 5*1 U {va}, Si U {va+b} G ^H- Clearly either 
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•S*! U {va} E or Si U {va+b} ^ ■ It follows that we can compute [Si U {fa}]^' 
and [Si U {fa+b}]e' to find a desired set 5* in J^. When q = 2t for some t G Z"*", 
let Ui = {va} U {vi^,Vi^, . . .,Vi^^} and U2 = {vi,,Vi^, . . .,Vi2^_,} U {va+b}- It can be 
seen that either Si U Ui G J-" or Si U U2 G J-". One can compute [^i U Ui]f and 
[^i U 1/2]^ to find a desired set S in J^. When g = 2it — 1 for some t G Z+, let 
U = {t^ii, fi3, . . . , fi2t_i}- Clearly Si U f/ G J". 

Case 2. r > 2. It suffices to assume that r = 3, that is G — v — Si — S2 
has exactly 3 connected components Pi,P2,Pz and £1 < £2 < ^3- Let {u G V^(-Pi) : 
61 {u) = 2} = {vi-^ , f 42 , . . . , f } such that ii < 12 < ■ ■ ■ < iq. Let {m G ^(-P2) : ^1 (^^) = 
2} = {%,^^i2) • • • such that Ji < j2 < • • ■ < is- Let {m G V^(P3) : di{u) = 2} = 
{■^fci, "^fe? • • • j'^fcf} such that ki < k2 < ■ ■ ■ < ki. It suffices to consider the case that 
q = 2t, s = 2t' — = 2t" for some integers t,t', t" (the remaining cases follow similar 
arguments as above), let Ui = {va} U {vi^,Vi^, f^^J, U2 = {vj^,Vj^,. . . , Vj^^,_J, 
and f/3 = {ffcj, ffcg, . . . , Vk^^„_^} U {fc+d}- It can be seen that Si U Ui U U2 U U3 E T . 

Concerning the running time of the above algorithm, it is clear that it is linear 
time. Which completes the proof of the lemma. I 

Now Theorem [5] follows from Theorem [2] and Lemma H] immediately. 

Theorem 5 If G is a block-cactus graph, then an optimal target set for {G,6) can be 
found in linear time. 

3 Chordal graphs 

A graph is called chordal if it does not have an induced cycle of length greater than 
three. A vertex f in G is called simplicial if the subgraph of G induced by the 
neighbors of v is complete. Let a = [vi,V2, ■ ■ ■ ,Vn] be an ordering of V{G). We say 
that cr is a perfect elimination order if each vi is a simplicial vertex of the subgraph 
G[vi , fj+i, . . . ,Vn]- In 1965, Fulkerson and Gross [7] showed that every chordal graph 
has a perfect elimination order. In [T^ [T3] it was shown that if G is a chordal graph, 
then there is a linear time algorithm which receives the adjacency sets of G and 
outputs a perfect elimination order a of V{G). For nonadjacent vertices u and v of 
a graph G, a subset S C V{G) is called a u-v separator if the removal of S from G 
separates u and v into distinct connected components. If no proper subset of 5* is a 
M-f-separator, then S is called a minimal u-v separator. 

Lemma 6 ( [4J ) Every chordal graph G has a simplicial vertex. Moreover, if G is 
not complete, then it has two nonadjacent simplicial vertices. 
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Lemma 7 ( [7J ) For nonadjacent vertices u and v of a chordal graph G, if S is a 
minimal u-v separator of G, then S induces a complete subgraph of G. 

Lemma 8 For t > 2, let G be a t-connected chordal graph with 6{x) < t for all 
vertices x. // S* C V{G) induces a complete subgraph of size t in G, then the target 
set S influences all vertices in {G,6). 

Proof. Without loss of generality, we may assume that G is not complete. Let 
|V(G')| = n. To prove this theorem, we want to demonstrate a sequence of distinct 
vertices [vi,V2, ■ ■ ■ , vi] in G such that G — {t>i, t>2, ■ ■ ■ , f^} is a complete graph that 
contains all vertices of S. Moreover, for I < i < i, vertex Vi is adjacent to at least 
t vertices in the graph G — {vi, V2,---,Vi}. It is clear that if such a sequence exists, 
then the target set 5* influences all vertices in (G, 6), since 6{x) < t for all vertices x 
in G. 

To construct such a sequence, by Lemma |6l we can pick a simplicial vertex vi 
of G such that Vi ^ S. Note that G — f i is t-connected, since otherwise there is a set 
U C V{G — vi) with \U\ <t — l such that G — fi — f/ is disconnected. By Lemma |6] it 
follows that G — U is disconnected, a contradiction to G is t-connected. Next, if G — fi 
is not complete, then by Lemma again, we can pick a simplicial vertex f 2 of G — Vi 
such that V2 S. It can also be seen that G — f 1 — f 2 is t-connected. If we continue 
in this way, we eventually have a desired sequence of distinct vertices [fi,f2, ■ ■ ■ ,ve] 
such that the graph G — {vi, W2, ■ ■ ■ , Vi} is t-connected for each i G {1, 2, 1} 
and G — {vi,V2, ■ ■ ■ ,V£} is a complete graph that contains all vertices of S. Which 
completes the proof of the lemma. I 

Theorem 9 Suppose that G is a t-connected chordal graph with t > 2. (a) min- 
seed(G, t) = t. (6) If 9{x) < t for each vertex x of G and 6{v) < t for some vertex v. 
then min-seed(G, 6) <t. 

Proof, (a) By Lemma El the fact that G is a t-connected chordal graph implies 
that G contains a complete subgraph H of t vertices. By Lemma [H we see that the 
target set V{H) influences all vertices in the social network (G,t), and hence min- 
seed(G, t) < t. Note that an inactive vertex v in (G, t) become active only if v has at 
least t already- active neighbors. It follows that min-seed(G, t) > t, which completes 
the proof of part (a). 

(b) If V is adjacent to all other vertices of G, then, by Lemma [6l G — v contains 
a complete subgraph H of size t — 1, since G — f has a simplicial vertex and G is t- 
connected. It follows that, by Lemma [HI the target set V{H) influences all vertices in 
(G, 9), and hence min-seed(G, 9) < t. Now consider the case that v is not adjacent to 
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some vertex u in G. Clearly there is a minimal v-u separator S such that v adjacent 
to all vertices of 5*. Note that 15*1 > t, since G is t-connected. Let S' S with 
\S'\ = t — 1. By Lemma O S' U {v} induces a complete subgraph of size t in G. It 
follows that, by Lemma ID and the fact that 6{v) <t — 1, the target set S' influences 
all vertices of (G, 9). We conclude that min-seed(G', 6) <t. I 

Corollary 10 Let G he a 2-connected chordal graph with thresholds 6{v) < 2 for 
every vertex v of G. Then min-seed(G', ^) = 2 if and only if 9{v) = 2 for each vertex 
V ofG. 

In the sequel, for convenience, we write S oc {G, 9) to mean that the target set 
S influences all vertices in {G,9). The following simple fact, which we state without 
proof, will be used implicitly and frequently in Lemma [T2l 

Claim 11 Let v be a vertex in the social network {G,9) and let 9i be the threshold 
function of G — v which is the same as the function 9, except that 9i{x) = 9{x) — 1 
for every x G Ng{v). Then for S C V{G — v), we have S oc {G — v, 9i) if and only if 
Syj{v}(x {G,9). 

We state Lemma [12] using the same notation and conventions as in Claim [TTl 

Lemma 12 Let G be a 2-connected chordal graph with thresholds 9{u) < 2 for every 
u G V{G). For a vertex v in G, let T be the set of optimal target sets S for [G — v, 9i) 
such that S maximizes the size of the set Ng{v) fl [S]f . Let / = {m G V{G — v) : 
9i{u) <0}, J = {u e V{G) : 9{u) < 2} and Jq = {'« e V{G) : 9{u) < 0}. Let Vi 
(resp. Qi) be the property that there are two distinct vertices x,y E I (resp. x,y E Jo) 
such that dG{x,y) < 2. Let V2 (resp. Q2) be the property that there is an edge xy in 
G — V (resp. G) with x E I (resp. x E Jo) and 9i{y) = 1 (resp. 9{y) = I). Then we 
have: 

(a) If in Ng{v) ^ 0, then ^ e . 

ih) If in Nciv) = and Vi holds, then G -F. 

(c) If in Nciv) = and V2 holds, then G -F. 

(d) If J = (/), then {x} G J-" and [{x}]f = {x} for every x G Ng{v). 

(e) If J In Ng{v) = and neither Vi nor V2 holds, then {x} G J-" and 
[{x}]f = V{G) for every vertex x adjacent to some vertex w E J. 

if) If Qi or Q2 holds, then [0]^ = V{G). 

(g) If neither Qi nor Q2 holds, then = Jo. 

Proof, (a) Let w G / fl Ng{v). By the facts vw G E{G), 9(w) < 1 and by Lemma El 
we see that {v} oc (G, 9), and hence oc (G — t;, ^^i). 
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(b) Clearly 6{x) < and 9{y) < 0. Since dc{x,y) < 2, either xy G E{G) or 
x,y E Ng{z) for some vertex z. In both cases, by Lemma[Hl we see that [0]^ = V{G). 
Thus by Claim [m oc (G - i;, ^i). 

(c) Since x ^ Ng{v), it can be seen that [{f}]^^ ^ {x,y,v}. By Lemma [H it 
follows that {v} oc (G, 9), and hence oc (G — i;, ^^i). 

(d) For each x G Ng{v), by Lemma [HI {a^, "w} oc {G,9), and hence {x} oc 
(G — V, 9i). Clearly min-seed(G — v,9) > 1. It follows that {x} is an optimal target 
set for (G — v,9i). Since 9{u) = 2 for each u G ^(G), we have |[5']^| = 1 for any 
optimal target set S for (G — v, 9i). Therefore {x} G J-" and [{a;}]^' = {x}. 

(e) Note that / fl A^g(^^) = implies that 9{y) = 2 for each y G Ng{v). We 
claim that {v} can not influence all vertices in {G,9). If not, then it must be that 
either Vi or V2 holds, a contradiction. Thus min-seed(G — v, 9i) > 1. Now let w E J 
and X G Ng{w). Note that x ^v. Clearly [{x}]^ 3 and hence, by Lemma [HI 

oc {G,9). It follows that, by Claim [11], {x} oc (G — Moreover, we have 

[{x}]^ = V{G), and hence {x} G J-". This completes the proof of (e). 

Finally, by similar arguments as in the proofs of (c), (d) and (e), it is easy to 
prove (f) and (g), so we omit the proofs of (f) and (g). I 

Using the same notation and conventions as in Claim [11] and Lemma [121 we 
state and prove the following theorem. 

Theorem 13 If G is a chordal graph with thresholds 9{x) < 2 for each vertex x in 
G, then an optimal target set for (G, 9) can be found in linear time. 

Proof. Let Gi be a block of G which contains exactly one cut vertex v of G. If G is 
not 2-connected, then G can be written as the following form: G = Gi 0^, G2, where 
G2 is an induced subgraph of G and is also chordal. To prove the theorem, we omit 
the easy case Gi = K2, which follows from Lemma [1] We only consider the case that 
Gi is a 2-connected chordal graph. By using Lemma [121 ^6 can in linear time in 
terms of the size of Gi find an optimal target sets 5*1 for (Gi — v, 9i) such that Si 
maximizes the size of the set Ng^{v) fl [5*1]^^ and compute \Ng^{v) fl [Si]^^!. 

Next, we want to find an optimal target set 5*2 for (G2,^2), where ^2 is a 
threshold function of G2 which is the same as the function 9, except that 92{v) = 
9{v) — \Ng^{v) n [5*1]^^!. If G2 is a 2-connected chordal graph, then 5*2 can be found 
in linear time in terms of the size of G2 by using Lemma [S] and Corollary [TDl and 
hence an optimal target set Si U 5*2 for (G, 9) can be found in linear time by using 
Theorem [2] 

If G2 has a cut vertex v' and a pendent block G21 such that G2 = G21 ®v' G22, 
then we can repeat the arguments in the previous paragraphs and use Theorem [2] to 
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find the desired 5*2 in linear time in terms of tlie size of G2, and lience an optimal 
target set for {G, 9) can be found in linear time. I 



4 Hamming graphs 

Given two graphs G and H , their Cartesian product the graph G'\3H with vertex set 
V{G)y.V{H) and edge set {{g,h){g', h') : gg' e E{G) with /i = h\ or g = 51' with hh' e 
E{H)}. The Cartesian product is commutative and associative (see page 29 of [S]). A 
Hamming graph is a Cartesian product of nontrivial complete graphs, i.e., of the form 
Kn-^^nKn20 ■ ■ ■ nKrn foT somc integers ni, . . . , > 2, t > 1, which is also denoted as 
n-=i Kn,- Note that ULi ^n, has vertex set V{Kn,) x V{Kn,) x ■ ■ ■ x V{Kn,). 

Let u = («!,...,«() and v = {vi,...,Vt) be two vertices of IlLi-^rii- The 
Hamming distance H{u,v) between u and v is the number of coordinate positions 
in which u and v differ. Note that there is an edge between u and v if and only if 
H{u,v) = 1. For 5*1, 5*2 C ^^(nLi -^nj; denote by d{Si, S2) the value mm{H{u,v) : 
u G Si,v G 82}- Let [i,j] denote the set of integers k such that i < k < j. For 
A C [l,t], if Ui = Vi for all i E A, then we write u\a = v\a- Let ua denote the set 
of vertices x in n!=i -^"i such that x\a = u\a- The proof of the following claim is 
straightforward and hence omitted. 

Claim 14 Let u, v, w be three distinct vertices of n!=i -^"i ^'^^ "^{a = v\a for some 
set A C [l,t]. If w is adjacent to both u and v, then w\a = u\a = v\a- 

Lemma 15 Suppose G = {V,E) is the Hamming graph Yll=i^ni- Let x,y G V, 
i,j G [l,t] and A,B C [l,t]. The following properties hold. 
(a) IfxyeE and Xi ^ yi, then \xa U {y}]^ = XA\{i\- 

(6) \xa V}Xb\2 = XAnB- 

(c) IfxyeE and xi ^ yi, then [xa U yslf = X(^AnB)\{i}- 

(d) If H{x, y) = 2, Xi^ yi, Xj ^ yj and i ^ j, then [xa U = X(^AnB)\{i,j}- 

(e) Ifd{xA, Vb) > 3, then [xa U = XA^yn- 

Proof, (a) First let us consider the case oi i ^ A. From Claim [T3] and the fact 
x\A = y\A, "we see that [xa U {y}]^ = xa- Now we consider the remaining case i E A. 
To prove this case it suffices to consider the case that i = 1 and A = [1, j]. We want 
to prove, by induction on j, that [x[ij] U {y}]f = X[2j] for j = t,t — 1, ... ,1. For 
j = t, we see that [x[ij] U {y}]^ = [{a^, l/}]2'- Since X[2,t] = Z/[2,t], it follows from Claim 
[H] that if w G [{a;, y}]^ then w\[2,t] = x\l2,t] = y\[2,t], and hence w G xi2,t]- That is 
[{x,?/}]^ C X[2,t]- Since any vertex in X[2,t] \ {x,y} is adjacent to both x and y, it 
follows that [{a;,?/}]f 3 X[2^t]- Therefore [{x, y}]^ = X[2,t]- 
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Next, we assume that [x[ij] U {y}]^ = X[2j] holds for some j G [2,t]. From 
this induction hypothesis it follows that X[2j] C U {yljf - For any vertex w in 

X[2j-i], either w G X[2,j] U or w is adjacent to at least one vertex in X[2j] and 

at least one vertex in X[ij„i]. Thus xpj-i] C U {y}]^. On the other hand, by 

the fact X[2j-i] = y[2,j-i] and Claim [HI we also see that X[2,j-i] ^ [^^[ij-i] U {z/}]2'- 
Therefore U = X[2j_i], this completes the proof of Lemma [TSTa). 

(b) Since for any i & A\B, there exists a vertex y & xb such that xy & E and 
7^ Hi: by Lemma [TST a). it follows that [xa Ux^]^ 3 = xadb- We note 

that if a vertex w is adjacent to at least two vertices in xa^ xb, then, by Claim [TH 
it must be the case that w\AnB = x\AnB- Therefore [xa U xb]2 ^ xahb- We conclude 
that [xa ^ Xb]2 = ^AnB- 

(c) Lemma [TST a) shows that [xa U ^b]^ ^ [xyi U {y}]^ = XA\{i}, and hence 
[xa U i/b]^ = [xA\{i} U i/b]^ , since x^ C XA\{i}- It follows that [xa U ?/B]f = U 

= Z/(A\{i})nB = a;(AnB)\{i}, by Lemma HSJ^b) and the fact that XA\{i} = yA\{i}- 

(d) Without loss of generality, consider only the case {i,j} = {1,2}. Clearly 
there exist two vertices w,z in G such that (^1,^2) = {yi,X2), (-21,-22) = ixi,y2) 
and w\[3^t] = -2|[3,t] = ^\l3,t] = y\i3,t]- Since w and z are each adjacent to both x and 
y, we see that xa U yB influences {w,z} in the social network (G, 2). It follows 
that [xa U yB]^ ^ [xa U {w} U {2;}]^ and [xa U vb]^ ^ [yB U {w} U . By 
using Lemma ITSTa) twice, we see that [xa U {w} U {-2}]^ ^ a;A\{i,2}, and hence 
[yBU{w}U{z}]^ D yB\{i,2}- By the fact yB\{i,2} = a;B\{i,2} and using Lemma[T5]^b), we 
get that [xaUt/bJ^ D [xA\{i,2}UxB\{i,2}]f = X(^AnB)\{i,2}- Since (xaU|/b) C X(AnB)\{i,2}, 
we conclude that [xa U J/b]^ = X(AnB)\{i,2}- 

(e) For a vertex w in V \ (xa U ?/b), by Claim [HI we see that w cannot be 
adjacent to two distinct vertices in xa (resp. j/b). Note that since d{xA,yB) > 3 
there is no vertex w in V \ (xa U ?/b) that is adjacent to one vertex in xa and is also 
adjacent to one vertex in yB- This completes the proof of (e). I 

For U C [l,t], let U denote the set [l,t] \ U. Using the notation and results in 
Lemma [151 we immediately obtain the following: 

Claim 16 (a) If xa HyB 7^ ^, then [xa U ^/bJ^ = ^ahb- 

(6) Ifd{xA,yB) = 1; then [xa U^/b]^ = ^AnBnJi} ^^^^ ^ ^ t^'^]- 

(c) Ifd{xA,yB) = 2, then [xa U ?/B]f = a^AnsnTij} /^'^ ^^"^^ ^'^ ^ [I'^l- 

Theorem 17 Suppose G = (V, -E) zs the Hamming graph Yl\=i o-nd S is a non- 
empty set of vertices. 

(a) There exist vertices x^, x^, . . . , x'^ G V and sets Ai, A2, . . . ,Ak C [1, t] such that 
[S]^ = yj^i=ix% with d{xX, x\) >3 for any 1 <i < J < k. 
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(6) // [S]2 = Uf^^x^. for some vertices x^, . . . in V and some sets Ai, . . . ^A^ C 
with d{x\.,x\^) > 3 for any 1 < i < j < k, then the following inequality holds: 

k 

Y^\Ai\>{2 + t)k-2\S\. W 

i=l 

Proof, (a) Note that S = U,^esX[i,t] and [S'US*]^ = [[S']^US*]f for any S', S* C V. 
By using several times Claim US] and Lemma [THe). we can get vertices x^, x^, . . . , x'^ G 
V and sets Ai, As, . . . , C [1, t] such that [S]f = Uf^^x^^ with ci(x^^, x^^ > 3 for 
any I < i < j < k. 

(b) To prove this part we use induction on the size of 5*. When l^l = 1 (say 
S = {x^}), since in this scenario [5*]^ = x^^^^, it can be seen that the inequality (^) 
clearly holds. Now assume that the statement of Theorem [T7l(b) holds for any S 
having \S\ < i. 

When 15*1 = i > 2, the proof is divided into cases according to the value of k. 
Case 1. k = 1. In this case, pick x G S" and let S' = S \ {x}. Note that S' 
is not empty. By Theorem [TTTa) we see that there are vertices y^,y'^, . . . G V 
and sets -81,-82, ■ ■ ■ , Br C such that [S"]f = U^^^?/^. having d{y^^,,y^^,) > 3 for 
any 1 < z < J < r. We have x\^ = [S]^ = [x[i,t] U [S'f ]f = [x[i,t] U {UU^y^^J]^. 
Then from Claim [16] and Lemma [TSl^ e) we see that Ai = (n[^^-Bj) fl U for some 
set U C [l,t] having \U\ < 2r. Since \S'\ < £, by the induction hypothesis, we 
have J2l=i > (2 + t)r - 2\S'\. It follows that \Ai\ = t - KUJ^^^^^) U U\ > 
t-YJi=i{t-\Bi\)-2r>t-rt + {2 + t)r-2\S'\-2r = {2 + t)-2\S\. Thus inequality 
{-k) holds in this case. 

Case 2. k>l. In this case, let S* = S ^ x\^ and S' = S\S*. Note that S* and S' 
are not empty. Clearly [5*]^ = x\^ and = Uf^g^Ai- By the induction hypothesis 
we see that \Ai\ > (2 + 1) - 2\S*\ and ^jLs > (2 + t)(A; - 1) - 2|^'|. It follows 
immediately that inequality {-k) holds in this case. This completes the proof of the 
theorem. I 

Theorem 18 If G = {V,E) is the Hamming graph Y[l=i'^ni, then min-seed(G', 2) = 

i+m- 

Proof. Note that V = V{Kn,) x ViKn^) x ■ ■ ■ x V{Kn,). For each i = l,2,...,t, 
pick two distinct vertices Xj,?/j G V{KnJ- Let x = (xi, X2, . . . , Xt). For I < j < t, 
let = {p{, . . . ,pI) be a vertex in V such that pj = Xi when i ^ j, and = 
For 1 < j < t — 1, let g-' = (gj, . . . , g^) be a vertex in V such that g^ = Xj when 
^ {j, J + 1}, and gj = y^, gj^^ = y^+i. 
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First, we want to show that 1 + [|] is an upper bound for min-seed(G', 2). The 
proof is divided into two cases according to the parity of t. 

Case 1. t = 21. Let 5* = U {g^, g^, g'', . . . , g*"^}. By Lemma [TST d) it can 

be seen that = v\^t\ = ^[3,t]> = [^m ^ qfi,t]]2 = X[5,t], and 

[{p^ , p"^ , , q^}]2 = [xi5,t] U gpitjlf = ^I7,t]- Continue in this way, we obtain [S*]^ = 
[^[t-i,t] U Q'[]"t'|]2^ = = V, which means that min-seed(G', 2) < \S\ = i + 1 = 1 + \ ^] . 
Case 2. t = 2^ + L Let 5 = U {g^ g^ g^ . . . , g*"^}. By Lemma [T5](d) 

and the same arguments as above, we obtain [S'jf = [x[t-i,t] U ?*i't]]2' = ^) and hence 
min-seed(G, 2) < 1^1 = £ + 2 = 1 + [|] . 

To show that 1 + [|] is also a lower bound bound for min-seed(G, 2), let S be 
an optimal target set for (G,2). Since [5]^ = V = x^j, by Theorem ITTT b). we have 
|0| > (2 + t) — 215*1, that is \S\ > 1 + |- Which completes the proof of the theorem. I 
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